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Abstract: We study some arithmetic properties of the mirror maps and the quantum
Yukawa coupling for some 1-parameter deformations of Calabi-Yau manifolds. First we
use the Schwarzian dierential equation, which we derived previously, to characterize the
mirror map in each case. For algebraic K3 surfaces, we solve the equation in terms of the
J-function. By deriving explicit modular relations we prove that some K3 mirror maps are
algebraic over the genus zero function eld Q(J). This leads to a uniform proof that those
mirror maps have integral Fourier coecients. Regarding the maps as Riemann mappings,
we prove that they are genus zero functions. By virtue of the Conway-Norton conjecture
(proved by Borcherds using Frenkel-Lepowsky-Meurman's Moonshine module), we nd
that these maps are actually the reciprocals of the Thompson series for certain conjugacy
classes in the Griess-Fischer group. This also gives, as an immediate consequence, a second
proof that those mirror maps are integral. We thus conjecture a surprising connection
between K3 mirror maps and the Thompson series. For threefolds, we construct a formal
nonlinear ODE for the quantum coupling reducedmod p. Under the mirror hypothesis, we
derive mod p congruences for the Fourier coecients. For the quintics we deduce the fact
that if integral, the degree d instanton numbers n
d
are divisible by 5
3
, at least for 5 6 jd {
a fact previously observed by others.
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1. Introduction
For background on Mirror Symmetry, the readers are referred to the reference [1] [2]
(see especially the articles therein by Greene-Plesser, Candelas-de la Ossa-Green-Parkes,
Katz, Morrison, Vafa and Witten.)
It is known that the so-called mirror map and the quantum coupling have many
interesting number theoretic properties based on numerical experiments { as previously
observed by many [1][3][4][5]. For example the Fourier coecients of the mirror map
appears to be integral in all known cases. In some cases, the coecients even appear to
be alternating. The instanton numbers n
d
in the quantum coupling on the other hand,
apparently have some striking divisibility property. Our main motivation here is to develop
some techniques to understand some of these remarkable \arithmetic" properties.
The technique for studying the mirror map is based on the following simple idea: x
a known integral series f(q). Study when is z(q) commensurable with f(q) (ie. when do
z(q); f(q) satisfy a polynomial relation)? Hopefully when enough is known about f(q),
then given a polynomial p(X;Y ) we can understand some of the arithmetic properties of
the root z(q) to p(f(q); Y ) = 0. Note that this is still a dicult Diophantine type problem
in general, involving innitely many variables consisting of the Fourier coecients of z(q).
However, a lot is known about the j-function both number theoretically and geometri-
cally. Thus it is natural to try to nd commensurability relations (also known as modular
relations) between j(q); z(q). We will see that this idea works well in the case of elliptic
curves and K3 surfaces.
The technique for studying the instanton numbers is based on the fact that there is a
canonical polynomial ODE for the quantum coupling, which is dened over Q. This raises
the possibility of deriving similar equations, but reduced mod p. The mod p arithmetic
properties of the quantum couplings should then be reected in these reduced equations.
In [6][7], in collaboration with A. Klemm and S.S. Roan we have constructed an ODE
over Q. However, its mod p counterpart derived here appears much simpler and more
manageable. We now summarize our discussion.
First we discuss, along the lines of [4][5], the construction of deformation coordinates
based on which the mirror map is dened. Then We review the polynomial dierential
equations for the mirror maps, studied in [6][7]. First we classify the analytic solutions,
on a disk, to the n
th
(n=2,3 or 4) Schwarzian equations associated to certain n
th
order
linear ODEs of Fuchsian type. As a consequence, the so-called mirror map z can be given
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a simple characterization. Corresponding to n=2,3 or 4, there is a universal family of
polynomials whose evaluation at certain integral points recovers the Fourier coecients of
a mirror map.
We consider some examples in which the linear ODEs are the Picard-Fuchs equations
of several distinguished families of smooth Calabi-Yau varieties in weighted projective
spaces. We revisit the case of elliptic curves (n=2).
In the case of n=3, we consider some distinguished families of K3 surfaces in weighted
projective spaces. We prove that the the mirror map z for each of those families is alge-
braic over the function eld Q(J) generated by the Dedekind-Klein J-function { a rather
surprising connection between modular functions and K3 surfaces. Our result on the n=3
Schwarzian equation is an important tool in this connection. We then use our explicit
modular relations to give a uniform proof that the Fourier coecients of z are integral { a
fact which has been previously observed experimentally. This is also the rst conrmation
of the integrality property in the case of K3 surfaces.
We then discuss a mysterious connection between our mirror maps and the Thompson
series. We oer some speculation as to why the two might be related. We conjecture that
any 1-parameter deformation of algebraic K3, determined by an orbifold construction,
gives rise to a Thompson series.
In the last section assuming the integrality of the mirror map and the Mirror Hypoth-
esis, we study our dierential equations reduced mod p. We derived some general mod p
congruences and then specialize to p = 2; 3; 5; 7. For the quintic hypersurface, we deduce
the fact that the degree d instanton numbers n
d
are divisible by 5
3
, at least for 5 6 jd.
Acknowledgements: B.H.L. thanks W. Feit, A. Klemm, T. Tamagawa, S. Theisen,
A. Todorov and G. Zuckerman for helpful discussions.
2. Deformation coordinates
The purpose here is to review the orbifold construction of the mirror map and to give
an explicit description of the deformation coordinates for complex structures. The orbifold
construction in weighted projective spaces has now been superceded by toric geometry
construction [8][4]. But in the former, the description of the deformation coordinates can











whenever the meaning of the variables y is clear.
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Let X be a l := (n   k   1)-dimensional Calabi-Yau variety dened as the zero








, in the weighted
projective space P
n 1




) are the weights consisting of coprime
positive integers. Suppose that X has a mirror X

given by an orbifold construction
[9][10][1]. (Thus X





X=G of the singular quotientX=G, whereG is a nite abelian group acting on
the homogeneous coordinates x
i
of the ambient space P
n 1









= 1, which ensures that the holomorphic top form
on X is G-invariant, and hence induces a form on X

. We now want to describe some
complex structure deformations of X

. We do so by describing a family of G-invariant
holomorphic top forms 
(z) on X. Thus ultimately, our deformation space M will be





G-invariants monomials which we denote by x
I
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g. Let m := m
1
+   +m
k
. Let F be the following holomorphic






















We assume that X is the ber at some limiting value of a and that the generic bers
are homeomorphic to X. Now two bers can be biholomorphic simply by coordinate






























































= 1; all ig. The conditions 
J
i





; ::; log 
n+k
) = 0. Or if K is the m  (n + k) matrix of exponents whose
rows are the J
i
, then K  (log )
t
= 0. Thus rk K = dim H   dim H
0
, implying that
dim M = m  rk K.








































= 0. The set of such  is the lattice




which has rank dim(ker K
t
) =m  rk K
t
= dim M . The subalgebra










, for a given basis fBg of L. Thus for every basis fBg, we get a canonical set of
functions z = (a
B
) globally dened on M . The z will be our deformation coordinates.
Since any two bases fBg; fB
0


















) is a birational change. Note that if the z take
the value of integral q-series, then so do the image z
0
under the above change. Thus when
the z
i
takes the value of the mirror map which has a q-series expansion, the question of
integrality of the Fourier coecients is independent of the choice of basis of L. In case
dim M = 1, which is all we are going to deal with here, the coordinate z above is unique up
to z 7! 1=z. But demanding that z = 0 is the point with maximum unipotent monodromy
[11] for the Picard-Fuchs equation, xes the choice completely.
2.1. Some examples
Let's rst consider the simplest example: cubics in P
2
. Let G be a cyclic group of






where  = e
2i=3
. Then















. We consider the invariant family



























































. We see that the H-invariant functions are

















Consider now the sextics in P
3
[1; 1; 2; 2]. Let G be a nite abelian group of type







































































: The matrix of exponentsK dened above is the 65 matrix with
rows: (6; 0; 0; 0; 1); (0; 6; 0; 0; 1); (0; 0; 3; 0; 1); (0; 0; 0; 3; 1); (1; 1; 1; 1; 1); (3; 3; 0; 0; 1). The
lattice L therefore has a base (1; 1; 0; 0; 0; 2); (0; 0; 1; 1; 3; 1). This gives us the deforma-


























As a third example, we consider the sextics in P
3
[1; 1; 1; 3]. Let G be a nite abelian





































































. As before we can write down a general lin-

























































































The matrix of exponents K is the 5  5 matrix with rows: (6; 0; 0; 0; 1), (0; 6; 0; 0; 1),
(0; 0; 3; 0; 1), (0; 0; 0; 3; 1), (1; 1; 1; 1; 1). The lattice L therefore has a base (1; 1; 1; 3; 6).













2.2. Denition of the mirror map
Following [1][11][4], we now dene the mirror map in terms of the coordinates z by
studying variation of the periods for X

. By construction, the holomorphic top form 
(z)
on X induces a form on X

. Integrating the form against the G-invariant cycles, we obtain
periods for X

. By the Dwork-Grith-Katz reduction method, we get a system of Picard-
Fuchs dierential equation(s) for those periods. If z = 0 is a maximal unipotent point,
then the system admits a unique solution !
0
(z) which is holomorphic near z = 0 with
!
0











are holomorphic near z = 0 with g
i















the mirror map. For convenience, we also refer to the inverse z
j
(q)
as the mirror map. Thus by the construction above, the mirror map for an s-parameter
family of Calabi-Yau mirror pairs can be regarded as collection of s q-series z
j
(q) which
are determined by X, the holomorphic family of G-invariant deformations, and the choice
of basis of a lattice.
5
3. Construction of the Schwarzian equations
We now discuss the construction of the dierential equation which governs the mirror
map z(t). We begin with an n
th



















f = 0 (3:1)
(n will specialize to 2,3 and 4 later.) In particular, the q
i










(z). Inverting this relation (at least locally), we obtain z as a function of t.
Our goal is to derive a polynomial ODE, in a canonical way, for z(t).











f(z(t)) = 0 (3:2)
where the b
i
(t) are rational expressions of the derivatives z
(k)









. It is convenient to put the equation in reduced form. We
































g(z(t)) = 0 (3:3)
where c
i









































































Note that since c
i




(t), it follows that P
involves z(t); ::; z
(n+1)
(t) while Q involves only z(t); ::; z
(n)
(t). Eqns (3.4) may be viewed
as a coupled system of dierential equations for g
1
(t); z(t). Our goal is to eliminate g
1
(t)











Q =0; j = 0; 1; ::; n  1:
(3:5)
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= 0; k = 0; ::; 2n  2; (3:6)
where (M
kl
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:: (n   3)c
n 3
+ (n   2)c
0
n 2
0 n 0 :: 0










































; ::; (n   2)c
n 2
; 0; n; 0; ::; 0) respectively,
then the matrix (M
kl








; l = 1; ::; 2n  1; k = 1; ::; n  2; n; ::; 2n  2: (3:8)
Thus the (M
kl














We call this the n
th
Schwarzian equation associated with (3.1). Note that by suitably
clearing denominators, the equation becomes a (2n   1)
st
order polynomial ODE for z(t)




4. The analytic solutions to the Schwarzian equation
It was already known to H.A. Schwarz that all the solutions to his equation (n=2) can
be constructed from the original 2nd order ODE. In this section, we wish to generalizes
his result to the other higher Schwarzian equations. We will focus on those which arise
only from cases in which the data q
i
(z) come from the Picard-Fuchs equation of a smooth
Calabi-Yau hypersurface (or complete intersections) in a weighted projective space. We
will show that there is exactly 1-parameter family of single-valued analytic solutions, on a
7
disk, to the Schwarzian equation. It is instructive to rst go back to the n=2 case (elliptic
curves). While Schwarz's treatment in this case focus on the solution ratios (triangle
functions), it is less direct for studying their inverses. Instead we will study the inverses
directly. This will have the advantages of a) exhausting all the analytic solutions directly;
b) seeing manifestly that the solutions have polynomial dependence on the parameters;
and c) generalizing immediately to higher Schwarzian equations.
4.1. n=2 Schwarzian equation




  z( + a)( + b)

f(z) = 0 (4:1)
where the ; a; b are constants with  6= 0 (later we will restrict to rational numbers with
0 < a; b < 1), and  = z
d
dz
. The Picard-Fuchs equations for elliptic curves in a weighted
projective space (For the general form of the Picard-Fuchs equation see [4][5].) is of this
form where z is a suitable coordinate for the complex structure moduli space of the curves.
The periods of the curves are given by the solutions to (4.1). This equation is projectively
equivalent to a hypergeometric equation:
z(1   z)y
00
+ (1   (a + b+ 1)z)y
0
  aby = 0 (4:2)
ie. there exists a function A and a Mobius transformation z !
z+
z+
such that f = Ay





+ fz; tg = 0 (4:3)



























The Schwarzian equation associated with (4.2) is (4.3) with  = 1. For convenience,
we let  = 1 for now. To restore the generality, one simply replace z by z below. It
was known to H.A. Schwarz that the every solution z(t) to (4.3)is the inverse of a ratio
(known as a Schwarz triangle function of type s(0; b a; 1 a b; z)) of two hypergeometric
functions which solve (4.2). In this note, we will only be interested in solutions z(q) to
(4.3)which are analytic in some disk jqj < R where q = e
2it
. It turns out that every
8
analytic solution z must have either z(q = 0) = 0 or 1. We will only consider those with




















. There is also




































This denes an invertible analytic map from a disk jzj < S to some jqj < R sending 0 to 0.
The inverse map z
f
(q) therefore gives a particular analytic solution to (4.3), which we will
call the fundamental solution. Note also the the Fourier coecients of z
f
(q) also depend
polynomially on a; b. (Thus the above construction makes sense with no restriction at all
on the values of a; b.) It is convenient to transform (4.3)by q = e
2it
so that the equation
now has q as an independent variable and z(q) dependent variable.








6= 0, ie. every such solution can be obtained from the fundamental one by scaling
q. First note that scaling q by k corresponds to a translation t ! t +  for some . But
we know that (4.3)is invariant under Mobius transformations on t. This shows that each
z
f








analytic solution to (4.3)with a
1
6= 0, then the a
n
are determined by a
1
. Since (4.3)is 3rd
















= (2ab   a  b)a
1
: (4:6)
As argued, the Fourier coecients of z
f






(q) = q + ( a   b+ 2ab)q
2
  (a   5a
2

















































This is obtained by either inverting (4.5)or by directly solving (4.3).
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4.2. n=3 Schwarzian equation















f(z) = 0: (4:8)
where the r
i
are constants with r
3
6= 0. The Picard-Fuchs equations for (a 1-parameter
deformations of) smooth K3 hypersurfaces or complete intersections in weighted projective
space is of this form (see [4][5]) where the r
i
are integer valued and satisfy some restriction









































Cases a) and b) turns out to be projectively equivalent, ie. they both result in the same


















f (z) = 0: (4:10)
This case will not arise in our discussion below. Thus from now on we impose c) and hence





















f(z) = 0: (4:11)
According to our general construction. The Schwarzian equation associated with (4.11) is




























































































































Note that this simplication is a direct consequence of imposing c) above. This n=3
Schwarzian equation will be useful for understanding the mirror map for K3 surfaces (see
below).




The situation here is completely analogous to the n=2 case. Eqn (4.11) has a unique























































denes an invertible analytic map from a disk jzj < S to some jqj < R. The inverse map
z
f
(q) therefore gives a particular analytic solution to (4.14). By an argument similar to





exhausts all such analytic solutions. The
Fourier coecients of the fundamental solution z
f
(q) can be computed using (4.14):
z
f









































































+ 2fz; tg = 0: (4:17)






Associated to it are (in general) four 2nd order Fuchsian equation of the type (4.1) with
parameters  = r
3
and a; b satisfying




















(Note that if (a; b) solve (4.18), so do (b; a) and (1   a; 1   b).) By our previous result






they are solutions to (4.14) as well. Thus by our result on n=3 Schwarzian equation,
this family exhaust the solutions to (4.14). Thus we have eectively reduced the n=3
Schwarzian equation to the n=2 equation.
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4.3. n=4 Schwarzian equation
For completeness, we briey discuss the n=4 case even though we will not be applying
the result later. The situation here is quite similar to the n=3 case, except the last part
























f(z) = 0: (4:19)
where the r
i
are constants with r
4
6= 0. The Picard-Fuchs equations for certain 1-parameter
family of Calabi-Yau threefolds in weighted projective space is of this form where the r
i
are integers. According to our general construction, the Schwarzian equation associated
































































































































































































































































































































































Once again, the set of analytic solutions to (4.20)with z(q = 0) = 0 and
dz(0)
dq





 , where z
f
(q) is the fundamental solution whose Fourier coecients






). The construction is almost identical to that for
n=2,3. The rst few coecients z
f
(q) are given by:
12
zf






































































































































































































































































































It is interesting to note that this series appears to be integral when evaluated at certain






) = (3125; 4375; 120) corresponding to
the quintic threefold in P
4












This integrality phenomenon apparently continues to hold in other examples as has been
previously observed.
At this point, one might wonder if z
f
would satisfy an n=2 Schwarzian equation
(4.3) as in the previous case, ie. is there a rational function Q(z) similar to (4.4)such that
(4.22) solves the equation (4.3)? The answer is no in general. In fact, we have checked
that in many cases of a 1-parameter family of Calabi-Yau threefolds, such a Q(z) doesn't
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exist.(cf. [1]section 2.) However the mirror map z
f
of such a threefold does satisfy an





















(z) (eqn (4.21)) and y = logK(t), K being the quantum Yukawa
coupling (also written as @
3
F ). Thus the right hand side of (4.24)should be thought of as
a \quantum" correction to the classical equation (4.3).
4.4. Remarks
1. In the last section, we have seen that the Schwarzian equations can essentially
be solved in terms of certain hypergeometric functions. Moreover the analytic solution
is essentially unique. In fact, it follows easily from the previous discussion that in each
case n=2,3 or 4, the fundamental solution to the n
th
Schwarzian equation is the unique









= 1. This is exactly the so-
called mirror map. Thus the mirror map can be characterized by means of an ODE and
analyticity. We also nd that there is a similar characterization for the quantum coupling
K(t) in a number of examples.
2. Even though we have obtained only the singled-valued analytic solutions to the
Schwarzian equations in the disk jqj < R, the results actually allows us to classify certain
multi-valued solutions as well. For simplicity, let's focus on the n=2 case. What we say
here will hold true for n=3,4 as well. For example, given any positive constant , one
can easily classify the analytic solutions z(q) to (4.3)such that z(q)  kq

as q ! 0 for







(q) is our fundamental solution. This follows immediately from Mobius
invariance of (4.3). This family also exhausts all such solutions.
3. We studied the Schwarzian equations associated with Fuchsian equations of special
type which arises as the Picard-Fuchs equations for certain Calabi-Yau manifolds. It is
clear that one can study this Schwarzian equations without reference to special geometry,
in which case, some of our assumption can be weaken. For example, we have checked that
the uniqueness of analytic solutions to these equations continues to hold true under much
weaker assumptions on the form of the associated Fuchsian equations. (For instance, take
any Fuchsian equation whose indicial equation is maximally degenerate, ie. whenever the
dierential operator takes the form 
n
 p(z;) where p is a polynomial of degree at most
n in , with p(0;) = 0.)
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4. We have shown that the mirror map in the case of K3 surfaces satises an n=2
Schwarzian equation, as in the case of elliptic curves. This is the rst hint that there might
be some relationship between K3 surfaces and elliptic curves. It also says that the mirror
map is nothing but the inverse of a Schwarz triangle function. An even more interesting
hint comes from the following numerical experiment. If we consider a 1-parameter family of
sextic hypersurfaces in the weighted projective space P
3
[1; 1; 1; 3] and compute the Fourier












The observant reader would have realized that the coecient 744 is the constant term in the
J-function times 1728. In fact if we compute 1=z(q), we get exactly the rst 6 coecients
of the 1728J. We will prove that 1728J = 1=z(q). This will be another conrmation that
the mirror map for a Calabi-Yau variety is integral.
5. Transcendence of the mirror map over Q(J)
In this section analytic functions are assumed to be dened on some disk jqj < R. Let
Q(f) be the eld generated by the analytic functions f(q) over the rationals Q. Two ana-
lytic functions f(q); g(q) are called commensurable if there exists a nontrivial polynomial
relation (with coecients in Q) P (f(q); g(kq

)) = 0 for some rational numbers k; . The
statement that f(q) and g(q) are commensurable is equivalent to that g(kq

) is algebraic
over the eld Q(f). Note also that commensurability is an equivalence relation.
We will be mainly concerned with the question of commensurability of an analytic
function f(q) with the J-function. Perhaps the simplest example of a function commensu-
rable to J is the so-called elliptic modular function (see below) . It bears the following













The function  will show up again in the next section.
In this section, we will prove that the mirror map z(q) for K3 surfaces modelled in
various weighted projective spaces is commensurable with J . Before discussing K3 surfaces,
it is useful to recall some known examples of mirror maps which are commensurable with
J [12] [13] (see also [6] section 3.1). For both the elliptic curves and the K3 surfaces, we




In the following table, we have four realizations of a 1-parameter family of el-







(1; 2; 3) and P
3
(1; 1; 1; 1).





















































































  4z(2 + 1)
2



















Thus in those four examples, the mirror maps z are algebraic over the eld Q(J). The
relations between z and J in the some of these examples are derived in [6] by using
the Weierstrass model for the elliptic curves. We will instead illustrate the proof using
a slightly dierent approach which will prove useful in the case of K3 surfaces. Namely,
we will eectively use the results on the uniqueness of analytic solutions to the associated
n=2 Schwarzian equations. We will consider example 4 because it has some interesting
connection with elliptic functions and it hasn't been treated in [6]. Our goal is to prove
the relation between z and J in example 4 above. (We also have similar proofs for all the
other cases above.)






where (t) is the discriminant of the Weierstrass elliptic































 = 0: (5:3)
Thus J is a solution to the associated Schwarzian equation (4.3) with:
Q(z) :=








The function J(q) (q := e
2it
) can be characterized as the unique meromorphic solution




















which is in the standard form (4.4). Since z
W
has the leading behavior z
W
(q)  q, it
follows that (section 4.1) z
W
is the fundamental solution to (4.3) with (5.5).
Now consider the mirror map z
X
for example 4 above. This is the fundamental solution






























Note that the right hand side, which we will call , has the correct leading behavior.
By subsituting  into (4.3)with (5.5)and use the fact the z
X
satises (4.3) with (5.6),
we nd that indeed (4.3) holds. By uniqueness of analytic solution to the Schwarzian
equation we conclude that  = z
W
. We remark that one can also prove (5.7) simply





















f (z) = 0. It follows that their respective associated Schwarzian equations must
transform from one to another under the same variable change.
5.2. Integrality of z
X
and the elliptic modular function 
There is an amusing connection which we should point out between z
X
and . The
latter is dened to be the inverse function of the Schwarz triangle function [14]:























; 1). As a result we can also






























From its expression in terms of theta functions, it is known that  has integral Fourier
coecients divisible by 16. It is also well-known that  denes a modular function of level













(This relation can also be proved using the approach we used to prove (5.7).) Since











Since the Fourier coecients on the left hand side are integers divisible by 16, it follows
that z
X
also has integral Fourier coecients. We should also point out that combining the

























It also says that you can write J in terms of  in two dierent ways.
5.3. Remarks
1. The above approach for studying the commensurability of mirror maps also applies
easily to examples 1-3 in the previous section.
2. In the last example we studied, it is less clear how to deduce, from the relation (5.7),
the integrality of z
X
from the known integrality property of z
W
. But upon relating z
X
to
 via (5.12), this property becomes immediately clear. The upshot of this is that using the
arithmetic properties of any particular one mirror map, such as z
W
, alone may only give
partial information about mirror maps commensurable to it. One should instead use other
series, such as , in the same commensurability class to help obtain further information
about other members in the same class. The lesson is that the larger the commensurability
class, the more arithmetical information we can get about its members because every pair
of members are related by some modular relations.
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3. The key steps we used repeatedly above to prove commensurability of two funda-
mental solutions are:
a) identify the appropriate modular relation;
b) relate their corresponding Schwarzian equations (or equivalently their reduced
Fuchsian equations) by a change of variables using the modular relation;
c) use analyticity (asymptotic behavior) and uniqueness of solutions to the Schwarzian
equation;
This idea will continue to work well, as we will see, in the case of fundamental solutions
arising from the Picard-Fuchs equations for K3 surfaces.
4. Finally, we note that in e.g. 3 of elliptic curves above, we have the relation, for
Im t >> 0
w(t) =




where w = 1=z,j = 1728J . We claim that w(t) admits a double-valued analytic continu-
ation in the upper half plane Im t > 0. This implies in particular that the Fourier series
of the mirror map z = 1=w has radius of convergence strictly less than 1 { a fact that is
not obvious from the construction of z. If we denote by z(t); ~z(t) the two branches of z,
we see that z(t) + ~z(t) =
1
432





To prove our claim, let's recall some properties of the modular function j(t). We know
that j(t) is a single-valued function in Im t > 0. Thus (5.14) implies that w(t) admits









j() = 0. In a small punctured disk centered at , (j(t)   1728)
1=2
is single-valued. If
we move around a small loop enclosing  in that disk, j(t) will move around a small loop
(3 times) enclosing 0 in the j-plane. It follows that (j(t)(j(t)   1728))
1=2
is necessarily
double-valued in that disk, implying that w(t) is at least double-valued.

























We now apply what we learned in section 4.2 to this family of K3 surfaces. The
Picard-Fuchs equation for the above 1-parameter family of K3 hypersurfaces in P
3





  8z(6 + 1)(6 + 3)(6 + 5)

f(z) = 0 (5:15)
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) = (1728; 1104). By the results in section 4.2, the
analytic solutions of the associated n=3 Schwarzian equation (4.14)can be obtained from











In particular the mirror map z
X
for our K3 surfaces X which is the fundamental solution
to (4.14), is now the fundamental solution to (4.3) with (5.16). But observe that Q
X
(z)
is identical to Q
W









This also proves, in particular, that z
X
also has an integral Fourier coecients, and that
the mirror map z
X
is commensurable to J .
5.5. Other deformations of K3 surfaces









and the complete inter-




. The following table lists the types of abelian group G
for the orbifold constructions, the 1-parameter deformations, the data (4.4) for the corre-
sponding n=2 Schwarzian equation (4.3), (4.17). We also include the previous example in
P
3
[1; 1; 1; 3], which we denote X
(6)
.
X;G deformations Q(z) in (4:3)
X
(6)























































































































































) in eqn. (4.11) are (1728; 1104), (256; 176), (108; 78),


























































We claim that, as for z
X
(6)
, all the other mirror maps are commensurable with the
J-function (or equivalently with z
W










































































































































































































(q)) = 0 for w, we see that there is a branch of w which admits a q-
series expansion near q = 0 and which has the leading behavior w(q)  q. Now it is enough
to show that every branch of w solves the Schwarzian equation (4.3) with (5.5). For then





















(q) satises its Schwarzian equation, we nd that (4.3) with (5.5) holds
identically.
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6. Uniform proof of integrality
Applying the modular relations derived above between the mirror maps and the j-
function, we will now prove that the Fourier coecients of the mirror maps are integral.
We begin with the following lemma. Let z
0
(q) be an integral q-series and









be a nonzero polynomial with integral coecients a
i;j










Let l :=minfi+ jja
i;j






i 6= 0: (6:2)
We claim that the relation P (z
0






















) for j  0, the contribution to K
N








(p  l) must be an integral linear combination of monomials of the form c
n
1






+    + n
i
 N   (p   i). From this inequality, we nd that n
k




































































]. By induction, the relationsK
N






It follows immediately from the above lemma that if m = 1, then z(q) is an integral
q-series.
Now consider the polynomial relation between z
W
(q) and the mirror map z(q) for
each case of elliptic curves (see table in section 5.1). For each of the polynomials, we have
l = 1, m = 1. It follows that z(q) is integral in each case. Now for the four cases of K3
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surfaces, we found the relations (5.19). For these polynomials, we have l = 2, m = 1. It
follows again that z(q) is integral in each case.
We should remark that the above lemma gives us an eective way to construct many
integral q-series f(q) which are commensurable with 1=1728J(q). For example let r(x; y)




  z(q) + r(
1
1728J(q)
; z(q)) = 0: (6:5)
determines a unique integral q-series z(q). This also implies that z(q) admits an analytic
continuation (with at most nitely many sheets) to the upper half plane Im t > 0. More-
over, since J(q) satisfy the Schwarzian equation (4:3) with rational Q(z), z(q) also satises
a similar equation with algebraic Q(z).
6.1. Relations with genus zero functions and the Thompson series
In this section, we point out some tantalizing evidence that the mirror maps for K3
surfaces are possibly related to the theory of the Griess-Fischer group. We will in fact give
an alternative proof of integrality for the mirror maps. This proof, though more techni-
cal than the previous one, suggests some deeper connection with the theory of modular
functions and the Thompson series.
Let's us recall a few facts about genus zero functions and the Thompson series (see
[15].) Let H be the upper half plane, G be a discrete subgroup of PSL(2;R) which acts
on H by linear fractional transformations. We consider meromorphic functions f on H







for Im t >> 0 (q = e
2it
).
If f is invariant under G, then f denes a function on the quotient H=G. If H=G is a
genus zero Riemann surface with nitely many punctures, we call G a genus zero group and
f a genus zero function. In this case, the eld of genus zero functions for G has a canonical
generator h known as the normalized hauptmodul for G. It has a Fourier expansion of
the form h(t) =
1
q
+O(q). For example  
0
(1) := PSL(2;Z) is a genus zero group and the
Dedekind-Klein j-function j(t)   744 is the hauptmodul for this group. More generally, a
list of 174 hauptmoduls corresponding to certain congruent subgroups is known [16]. Let
 
0
(N) be the group consisting of integral transformations t! (at + b)=(ct + d) with N jc.
Then the 174 genus zero groups are subgroups of PSL(2;R) generated by  
0
(N) together
with a set of Atkin-Lehner involutions (see [17]).
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It turns out that there is a deep connection between the theory of modular functions
and the Griess-Fischer group M also known as the Monster. It is the largest sporadic














For a long and glory history of this group, see the paper of Conway-Norton [15]. Based
on some remarkable observations of MacKay and Thompson, Conway-Norton conjectured
that there exist a natural Z-graded representation V of M with the following property:











is a normalized hauptmodul in the list of 174 mentioned above. It turns out that all
but 3 of those 174 hauptmoduls correspond to Thompson series. At the time the con-
jecture was made, neither M nor V had been known to exist, though the evidence for
them was overwhelming. On some hypotheses, the rst few coecients of the Thomp-
son series were computed in [15] and were seen to coincide with the coecients of the
appropriate hauptmoduls. (see table 4 in [15]). Later, Griess proved that M exists by
constructing a 196883-dimensional algebra B in which M acts by automorphisms. Subse-
quently, Frenkel-Lepowsky-Meurman [18] constructed a Z-graded representation V
#
of M
with the property that V
#
2
is the direct sum of B with the 1-dimensional representation








= j(q)   744. Borcherds [19] nally completed the proof
of the Conway-Norton conjecture by showing that V
#
does indeed have the property that
the corresponding Thompson series coincide with the hauptmoduls suggested in [15].
Our brief account of the Monster by no means does justice to the many of the remark-
able developments surrounding the theory of the Monster. The above paragraph is meant
to provide just enough background to enter a discussion on the relation, which we are
about to show, between the Thompson series and our mirror maps. Based on numerical
experiments, we have
Observation: The reciprocal of the four mirror maps (5.18) agree respectively, up to








(see table 4 of [15]).
Before we give a proof of this assertion, we argue that together with the Conway-
Norton conjecture, the above assertion implies the integrality of mirror maps (5.18). The
character values of a nite group are algebraic integers. But since V
#
is dened over the
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rationals, the coecients of the Thompson series which are character values of M , must
be rational integers. Note also that this property can also be deduced from the explicit
representation of the hauptmoduls in terms of the Dedekind eta function.
To prove our assertion above, we will use Schwarz' theorem on the Riemann mapping









(4)+ (see [15] on notations). If G is a genus zero





) is a meromorphic function which is invariant under G. Since h(t) is




) is a rational
expression Q in h(t). This shows that a hauptmodul satises a Schwarzian equation of
the type (4.3). Our problem is to construct Q in each of the cases of interest. Once we









case, it is enough to see that they coincide with the corresponding Schwarzian equation
which we already know governing
1
z













For if two q-series satisfy the same Schwarzian equation and has the same asymptotic
behavior 1=q, then they must coincide by uniqueness. The constant c above will turn out
to be the coecient of q
2
in each case (so that
1
z
+ c has no constant term.)
We now proceed to determine Q for each of the four hauptmoduls h(t) above. Since
h(t) is an isomorphism from H=G onto a punctured Riemann sphere, it denes a univalent
mapping from a simply connected region R (half a fundamental region of G) onto the
upper half h-plane. If R is a polygon with circular edges, then Schwarz' Theorem tells us


























are constants. To determine
Q completely it is enough to know the number n of vertices (actually a reasonable bound





. To nd the number of vertices, we need to determine a domain R and see
that it is a circular polygon in each case. But since we know G explicitly as a congruent
subgroup in each case, constructing R is easy. We nd that the R corresponding to the
hauptmodul T
kA







g. Each of these
domains is a circular polygon with 3 vertices. Using the rst 6 Fourier coecients (actually
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satises 3 relations.) of the T
kA
, we nd that the respective






































Now consider the four Fourier series
1
z
+ c mentioned above. We know that each one
satises a Schwarzian equation which can be easily obtained from that of z. We nd that
the Q indeed agrees with (6.9) in each case. This completes the proof of our assertion.
Our observation above raises various tantalizing questions. Why do the mirror maps of
our K3 surfaces correspond to the Thompson series of the Monster group? What happens
to the other realizations of K3 surfaces in weighted projective spaces? Do they realize other
Thompson series? On the last two questions our joint work with A. Klemm in this direction
is now underway. Early indications have shown that the correspondence continue to hold.
On the rst question, we oer the following speculative remarks. It is known that there are
K3 surfaces on which a subgroup of the Mathieu group Mi
24
acts by automorphisms [20].
It happens that Mi
24
is also a subgroup of the Monster. Thus it makes sense to speak
of the Thompson series for those elements in Mi
24
. It is possible that the appearance of
Thompson series as mirror maps is related to some appropriate action of a subgroup of
Mi
24
. Precisely how this happens is unclear at this point. However, enough evidence has
convinced us the following:
Conjecture: If z(q) is the mirror map for a 1-parameter deformations of an algebraic
K3 surface from an orbifold construction, then for some c 2 Z,
1
z(q)
+ c is a Thompson
series T
g
(q) for some g 2M .
It seems that the above connection between the mirror map and Thompson series is
peculiar to K3 surfaces. In the case of elliptic curves for instance, unlike the K3 case, the
correspondence there is only partial. Applying the same technique as above, we nd that
all but the 3rd family of elliptic curves we studied in section 5.1, correspond to Thompson






respectively. The mirror map for the 3rd family is in
fact a double-valued function on the upper half plane, hence cannot be a modular function
of any type.
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7. Congruences of the Quantum Coupling
We now move on to Calabi-Yau threefolds. We consider a 1-parameter family of




[w], where z is the complex structure
deformation coordinate as dened in section 2 in terms of a nite orbifold group G. In








) of the holomorphic 3-form for the mirror
manifold X

satisfy a 4th order Picard-Fuchs equation which has the form (4.19). The















which is a holomorphic section of a line bundle over the moduli spaceM . It is also related to




F; 2F   t@
t
F ) where t is a special coordinate









The mirror hypothesis [1] identies t with the at coordinate on the Kahler cone of X


















is the \number" of rational curves of degree d in a generic deformation of X, and
J is the Kahler class on X.
In this section, we would like to study some arithmetic properties of K as a q-series
(q = e
2it
) under the assumption of the mirror hypothesis with the n
d
integers, and that the
mirror map z(q) has integral Fourier coecients. Specically, we will study congruences
mod p of the instanton numbers under the above hypothesis, using a formal nonlinear
ODE. We should point out that the integrality of z(q) has been checked numerically in
many examples of threefolds up to at least order q
30
, and has been proved for K3 surfaces
and elliptic curves in numerous cases.
7.1. Dierential equations mod p
In [6][7], we derived certain polynomial diferential equations for z(q);K(q). An im-
portant feature of these equations is that they are dened over the rationals. This is so
because the Picard-Fuchs equation, from which our ODE are constructed, are dened over
the rationals. The main idea here is to derive the mod p version of our nonlinear ODE
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from the Picard-Fuchs equation. We then use some data { basically an integer N
e
{ which
is extracted from the Picard-Fuchs equation in each case to derive congruences modulo
certain prime powers. We will illustrate this in several well-known examples.




























(z) are dened in (4.21). By a change of coordinate z 7! t (see [7] for




F; 2F   t@
t
F ), we show that z;K as













































































































Here (z) = z(1  r
4
z) is the discriminant of the equation (4.19). (Actually, the following
discussion requires only that e(z);(z) 2 Z[z], with (z) having leading coecient 1. No
specic forms need to be assumed.) We dene N
e
to be the l.c.m. of the coecients in
e(z). Then it is clear that njN
e
i n divides all Fourier coecients of e(z(q)). All the
arithmetic properties we derive of K(q) will be entirely controlled by this one integer N
e





J ^ J ^ J .
Notice that (a) eqn. (*) is dened over Z; (b) eqn. (*) is invariant under an overall
constant scaling of K; (c) the primes 2,5,7 feature prominantly. It turns out that, though
less obvious, the eqn. also simplies considerably modulo 3. The main purpose of having
eqn. (*) is as follows. Suppose a 1-parameter family of mirror Calabi-Yau varieties is given
such that pjN
e
for some prime p. Then the left hand side of (*) becomes zero over the eld
of q-series Z=pZ((q)). We can then study the q-series solution K (7.3)of this simplied
equation modulo p or its powers. We should point out that in [6][7] , we derived a similar
equation but over Q. The result there was much more complicated.
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Notations: In the following discussion, K will be the quantum coupling (7.3). The
0







 0 mod p whenever pjn. More generally when













 n for all n. In what follows, we will use these few tricks repeatedly, sometimes
without mention, to simplify our computations. We write njh if nja
n
for all n. We also
write 
h


















































mod p. Finally, given K (7.3), we denote the largest integer divisor
of K by m(K).
7.2. mod p
Claim 1: Let h :=
K
m(K)

























 0 mod n. Since neither h nor z
0
has any overall factor, we have e(z)  0. This
implies that N
e
 0. The converse follows immediately from eqn. (*).
This says that the integer N
e




























































). Since p 6 jd, that d
0
jd






























which is a contradiction.



































. On the other hand, we have the following:






















, and so we can write h
p
= pf for some integral series f . Write
also g = h   h
p
, which has only q-powers q
n





statement holds for r = 1.













f , g = h  h
p
as before. Because h = p
r
f + g,
and p 6 jh by assumption, we have p 6 jg. The equation 
h
 0 mod p
r+1
becomes, after













 0 mod p
r+1
: (7:10)
But g only has q-powers q
n
with pjn, and hence so does 
g
. On the other hand f (hence
f
0000
) has only q
n













the fact that p 6 =2; 5 and that p 6 jg, it follows that pjf
0000










The cases p = 2; 5 are dealt with separately. We will also discuss the cases p = 3; 7 in
more details.
7.3. mod 2



























for all r > 0.
Pf: Suppose 2j
h







 0 mod 2: (7:11)















). This proves the rst half.
For part (a), the proof of Claim 3 applies to p = 2 without change.







= 2f , g = h  h
2
as before. The equation 
h



























only has q-powers q
n





only those with 2 6 jn. Thus (7.12)implies that all three terms vanish separately. It follows
that 2jf
0000
and hence 2jf . Thus h
2




. Suppose (b) holds up to some













f , g = h  h
2
as before. The equation 
h











 0 mod 2
r+2
: (7:13)




. By assumptions, 2 6 jh and 2jh
2
hence 2 6 jg. It follows that
2jf
0000








. This completes our proof of part
(b).




for all odd d, and 2jK.
Pf: Let l be the smallest odd integer such that 2 6 jn
l





for all even m, where k
m



















































. But l is odd, hence
2jn
l
which is a contradiction. Thus 2jn
d
for odd d.
Now consider (7.3). If 2jn
d









. So we have 2jK.































for all d odd, where s is



















for all d odd, where s is the largest integer such
that 2
s





Suppose now 2j(h  h
2
) instead. This means in particular that 2j(K +K
0
), and so by
Claim 5 we have 2jn
d









for all odd d and 2jK.
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7.4. mod 3
Suppose h is any integral series with 3j
h
and 3 6 jh. We get by dierentiating 
h










)  0 mod 3: (7:16)



















mod 3, we get 3j(2hh
0
























































































, for all r > 0.
Pf: Suppose 5j
h
. Then the eqn. 
h
 0 mod 5 reads 4hh
00




. This proves the rst statement.
For part (a), the proof of Claim 3 applies to p = 5 without change.
For part (b), the proof of Claim 4b applies here with only minor changes.







































for all d 6 0 mod 5,
where s is the largest integer such that 5
s














for all d 6 0 mod 7, where
s is the largest integer such that 7
s





here is quite similar to the case of mod 3.
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7.7. Examples
Under the assumption of the integrality of the mirror map z(q) and the mirror hypoth-
esis' assertion that quantum coupling K(q) is given by (7.3)with integers n
d
, we consider
the following examples applying the above results:
1. Let X be the Fermat quintics in P
4
. The orbifold group here is an abelian group of






= 5. It follows from ourmod 5




). But since K
cl











is the upper bound on the prime power
dividing all n
d





observed by others (see table 4 of [1]). Note that since N
e
has no prime divisor other than
5, there is no other prime p dividing all n
d
, by Claim 1.



















= 0 in P
5
[1; 1; 1; 2; 2; 3]. The orbifold group is of type (4; 4; 3). In this



























. Suppose 2j(h  h
2
). Then our analysis above implies that 2jK and m(K)  2.
ButK
cl
= 2 m(K), implying thatm(K) = 2. Thus (h h
2







). It follows that we must have 2jh
2
. By the mod 2 analysis above,




for all d odd. Again this lower bound on the power of 2






. Note that since N
e
has no prime divisor other
than 2; 3, there is no other prime p dividing all n
d
, by Claim 1.
3. Finally consider X the degree 10 hypersurface of Fermat type in P
4
[1; 1; 1; 2; 5].

























:17. Note that since N
e
has no prime divisor other than 2; 5, there is no
other prime p dividing all n
d
, by Claim 1.
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